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Abstract 

We solve three open problems concerning infinite-dimensional Lie 
groups posed in a recent survey article by K.-H. Neeb [21]. Moreover, 
we prove a result by the author announced in [21], which answers a 
question posed in an earlier, unpublished version of the survey. 
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Introduction 

The recent article [21] by K.-H. Neeb surveyed the state of the art of the 
theory of infinite-dimensional Lie groups, and described typical open 
problems. In this article, we provide full solutions to three of these: 

• We describe a subgroup of an infinite-dimensional Lie group which is 
not an initial Lie subgroup (Section[T]). This answers [211 Problem II. 6], 
the "Initial Subgroup Problem," in the negative. 

• We show that every subgroup of a direct limit G = limG„ of finite- 
dimensional Lie groups is an initial Lie subgroup (Section [2]). This 
answers [2T1 Problem VII. 3] in the affirmative. 

• We show that every direct limit G = lim Gn of finite-dimensional Lie 
groups is a topological group with Lie algebra in the sense of [16] 
(Section [3]). This answers [211 Problem VII. 2] in the affirmative. 

* Supported by the German Research Foundation (DFG), projects GL 357/5-1 and 
GL 357/7-1 
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We also prove a result by the author announced in Proposition VI. 2. 11]: 
Let M be cr-compact finite-dimensional smooth manifold of dimension n > 0, 
and Diffc(M) be the Lie group of smooth diffeomorphisms 7: M — > M which 
are compactly supported in the sense that the closure of {x G M: 7(x) 7^ x} 
is compact (see pE] and [9]). Given p G M, let Diffc(M)p be its stabilizer, 
and Diffc(M)p be the subgroup of all 7 G Diffc(M)p such that det Tp(7) > 0, 
where Tp(7) : TpM ^TpM is the tangent map. Let Gf„(M) C ]R[a;i, . . . , x„] be 
the group of all formal diffeomorphisms of M", and Gf„(M)o be the subgroup 
of all formal diffeomorphisms whose linear part has positive determinant (see 
[211 pp. 426-427] and [23]). In Section HI we establish a version of E. Borel's 
theorem on the existence of smooth maps with a given Taylor series: 

Borel's Theorem for Diffeomorphisms. Let a finite- dimensional smooth 
manifold M of dimension n be given, p & M and cf) he a local chart around p 
such that (f){p) = 0. For each 7 G Diffc(M), let T^{'~f) denote the Taylor 
series 0/^070 0"^ around 0. Then 

T^: Diff,(M)p,o Gf„(M)o 
is a surjective homomorphism of Lie groups. 

We mention that further problems from [21] have an affirmative answer: 

In [3], it is shown that the group Gh„(C) of germs of analytic diffeomorphisms 
around G C"^ (as first considered in [22]) is a regular Lie group in Milnor's 
senseQ This answers the first half of [21] Problem VI. 5] in the affirmative. 

Using a version of the Frobenius Theorem for co-Banach distributions on 
infinite-dimensional manifolds]^ one obtains the following result concerning 
integral subgroups in the sense of [21, Definition IV. 4. 7] (see [11] ) : 

Let G be a Lie group modelled on a locally convex space and P) C L{G) be a 
Lie subalgebra such that L{G) = f) © X for some Banach space X C L{G). 
Then there exists an integral subgroup H (1 G such that L{H) = f). 

Note that a complement X always exists if f) has finite codimension. Hence 
[211 Problem VI. 4] has an affirmative answer (even if G is not regular). 

Finally, we mention that the idea expressed in [2T1 Problem VII. 5] has been 
taken up in [H Lemma 14.5 and Section 15]. 

^Likewise for groups of germs of diffeomorphisms around a compact set, as in [8]. 
^The adaptation to Keller's C^-theory (our setting of infinite-dimensional calculus) of 
Hiltunen's Frobenius Theorem from [13 (to be found in [TT]). 
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Prerequisites. The reader is referred to [21], [12] or [1] for the setting 
of infinite-dimensional Lie groups, manifolds and C'^-mappings used in this 
article (cf. [19] for the case of sequentially complete modelling spaces). The 
words "Lie group" and "manifold" will always refer to Lie groups and 
manifolds modelled on locally convex spaces. 

1 Example of a subgroup of a Lie group which 
is not an initial Lie subgroup 

We shall use the following terminology. 

Definition 1.1 Let N := {1, 2, . . .}, /c G N U {oo} and M be a C'^-manifold. 
A subset C M is called a -initial submanifold of M if can be made 
a C'^-manifold with the following properties: 

(a) The inclusion map A : A^ ^ M is a C'^-map; and 

(b) If X is a C'^-manifold and f : X ^ N a. map such that A o / is C^, 
then f is C^. 

Such a manifold structure is called C'' -initial in M. If G is a Lie group, 
let L{G) := Ti{G) be its Lie algebra. Following [211 Definition II.6.1], we 
say that a subgroup if C G is an initial Lie subgroup if it can be given a 
smooth manifold structure which makes H a Lie group, is C'^-initial in G 
for each e N U {oo}, and gives rise to an injective tangent map L{X) : = 
T,i\):L{H)^LiG). 

Remark 1.2 It means additional information if N and X may even be 
C'^-manifolds with C'^-boundary in Definition 11.11 or more generally C^- 
manifolds "with rough boundary" as in [12]jf| We then call N a strongly 
initial -submanifold of M. Notably, the strengthened concept enables 
maps /: X ^ N to he considered ii X = [0, 1], X = [0, 1]^ or X is a simplex. 

Let be the Frechet space of real sequences (with the product topology). 
We show: 

■'The latter manifolds locally look like a locally convex subset with dense interior in the 
modelling space. They include manifolds with C'°-boundary and manifolds with corners 
as special cases. 



3 



Theorem 1.3 For each A; G N U {oo}, the additive subgroup N := of 
hounded sequences is not a -initial suhmanifold of M := M^. In particular, 
it is not an initial Lie subgroup. 

Proof. We shall use a well-known fact: A map from a C'^-manifold to M'^ 
(or any direct product of locally convex spaces) is C'^ if and only if all of its 
components are C'^ (see fTH Chapter 1] or [U Lemma 10.2]). 

It is useful to note first that, for each m G N, the topological product 
Km '■= [— m,m]^ is a metrizable compact topological space (and therefore 
separable), whence every open subset U C Km is cr-compact. 

If the theorem was false, we could equip N with a C'^-initial manifold struc- 
ture. Assuming this, write X: N ^ M for the inclusion map (which is C''). 
Given m G N, choose an injective C'^-map km'- ^ ^ ]— 2m,2m[ such that 
hm{[—l, 1]) = [— m, m]. Then the injective map 

gm- '^^ ^ N , (x„)„eN ^ {hra{Xn))nm 

is C'' by initiality, exploiting that \o g^ is C'' since its components are C^. 
In particular, gm is continuous, entailing that 

gm\i-i,if: [-1,1]^^ AT 

is a topological embedding. Since (?„([— 1, 1]^) = Km as a set and \ o gm 
takes [—1, 1]^ homeomorphically onto Km-, it follows that A^ induces the 
given compact topology on Km- 

By the preceding, A^ = IJmGN cr-compact. Let E be the modelling space 

of A^ and 0: N ^ U V E he a, chart of A^, defined on a non-empty open 
set U N. Then U = [jmeni^ ^ Km) where U fl Km is a-compact for each 
m G N (as recalled above), and hence U is cr-compact. Consequently, also 
the locally convex space E is cr-compact, because it contains a cr-compact set 
with non-empty interior. 

If a; G A^, then Tx{N) = E is cr-compact. We claim that the tangent map 
T,(A) : T^iN) ^ T,(M) is surjective. 

If this is true, then = T,(M) = T^{X){T^{N)) is cr-compact. But this is 
absurd (by a Baire argument), and the theorem is proved by contradiction. 
To prove the claim, identify T^.(M) with M^. If y = (|/n)nGN ^ I^^? then 

^cM^A^, g{t) := {xn + sin{tyn))nen 
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is a function such that X o g: M ^ is C'', because all components of this 
composition are CK Furthermore, T^{X){g'{0)) = (A o ^)'(O) =y. □ 

Our proof shows that Theorem 11.31 remains valid if, instead of our general 
setting, only manifolds modelled on complete (or sequentially complete, or 
Mackey complete) locally convex spaces are considered. Also, it remains 
valid if manifolds are replaced by manifolds with rough boundary. 

2 Subgroups of direct limit groups are initial 

If Gi C G2 ^ ■ ■ ■ is a sequence of finite-dimensional real Lie groups such 
that the inclusion maps Gn Gn+i are smooth homomorphisms, then G : = 
UneN admits a Lie group structure making each inclusion map Gn —>■ G 
a smooth homomorphism, and such that G = limG„ in the category of 
smooth Lie groups modelled on locally convex spaces [7!, Theorem 4.3] (cf. 
i20j, \V7l Theorem 47.9] and [5] for special cases). Then G = limGn also as a 
topological space, and as a C^-manifold, for each k G NoU{oo}. Furthermore, 

^(^) = U .^(^") = limL(G'„) 

as a locally convex space, topological space and C'^-manifold (see 
m Theorems 4.3(a) and 3.1] for all of this). For brevity, we shall refer 
to G = lim Gn as a direct limit Lie group. In this section, we show: 

Theorem 2.1 Let Gi C G2 '^^ ■ ■ ■ be finite- dimensional Lie groups, such 
that the inclusion map Gn — Gn-\-\ is a smooth homomorphism for each 
n G N. Let G = limG„ be the direct limit Lie group, and H C G be a 
subgroup. Equip Hn := Gn H with the finite- dimensional real Lie group 
structure induced by Gn {as in |2i, Chapter III, §4.5, Proposition 9]) and H 
with the Lie group structure making it the direct limit Lie group H = lim Hn 
{as in [71 Proposition 7.2]). Then the manifold structure on H is strongly 
G^-initial in G, for all k G NU {00}. Thus H is an initial Lie subgroup of G. 

The final conclusion is possible because the inclusion map X: H ^ G gives 
rise to an embedding L{X) : L{H) — > L{G) by [L, Proposition 7.2]. 

It is useful to recall some simple facts. 
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2.2 The identity component of a direct limit Lie group G = limG„ is 

Go = U(^")o = ^^iGr.)o- 

jieN 

In particular, Go is a direct limit group as well. 

2.3 Consider an ascending sequence C X2 C ■ ■ ■ of topological spaces. 
Then X := [J^^^Xn is its direct limit in the category of topological spaces, 
if we declare [/ C X open if and only if f/ fl X„ is open in X„ for each n G N. 
The topology so obtained is called the direct limit topology. If Un C X„ are 
open subsets such that Ui <^ U2 ■ ■ ■ , then U := UneN^" open in X, 
because U fl X„ = IJm>n ^"i H X„ is open in X„ for each n. 

Also the following lemma will be useful for the proof of Theorem 12. 1[ 

Lemma 2.4 Let X be a finite- dimensional real vector space, K ^ X be a 
non-empty compact set, k G NU{oo}, M be a finite- dimensional C'' -manifold 
and f : U ^ M be a G^-map on an open neighbourhood U of K in X such that 
fix is injective and the tangent map T^lf): T^iX) Tfi^x){M) is invertible 
for each x & K. Then there is an open neighbourhood V U of K such that 
f{V) is open in M and f\v is a G^ -diffeomorphism onto fiV). 

Proof. The proof of [8], Lemma 15.6] (where M = X) carries over El □ 

Proof of Theorem 12.11 We may assume that Gi = Hi = {!}. Let X 
be a C'^-manifold (possibly with rough boundary) and / : X — > if be a map 
such that A o / : X — »• G is G^, where X : H — > G is the inclusion map. 
Given p G X, let Y be the connected component of X which contains p. 
Since Y is open in X, it suffices to show that /(p)^V|y is G^ on some open 
neighbourhood of p. After replacing X with Y and / with /(p)~^/|y, we 
may assume that X is connected and f{p) = 1. Then /(X) is contained 
in the identity component Go of G. Since Go = lim (G„)o (see 12. 2p . after 
replacing G with Go, G„ with (G„)o and H with H fl Gq, we may assume 
that G and each G„ is connected. Then G„ is the integral subgroup of Gn+i 
with Lie algebra L{Gn)- Since the latter is G°°-initial in G„+i, it follows that 

L(G„) = {xe L(G„,+i): expG„^^(Mx) C G„,} (1) 
^Unfortunately, there is a misprint: "i?" reads "X" in the lemma. 
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(see PI], Theorem IV.4.14]). We recall that 

L(/7„) = {7'(0):7GCi([0,l],G'„)with7(0) = land7([0,l])Cif„} (2) 
and also 

= {x e : expcjMx) C H^} , (3) 

(cf. [21 Chapter 3, §4.5] or [HI Theorem IV.4.14]). Combining ([3]) with (P 
and the fact that L{G) = IJneN-^(^n)' ^^^^ 

L{Hn) = {xe L{G) : expG(Mx) C Hr,} 

and thus 

n LiGn) = L{Hn) . (4) 

Recursively, we find vector subspaces En C L{Gn) for n G N such that 
K-i C E„ (if n > 2) and 

L{Gn) = L{Hn)®En. 
In fact, if n = 1 we choose Ei := {0}. If . . . ,En have been chosen, then 

L{Hn+i) nEn = L{Hn+i) n /.(GJ n E„ = L(/7„) n K = {0} , 

using (jl]) for the penultimate equality. Hence En can be extended to a vector 
complement En+i to L{Hn+i) in L(G'„+i). 

Give -E := |J^gp^i?„ = limi?„ the locally convex direct limit topology. Then 

L{G) = hm (L(if„) © E„) = limL(/7„) ©IhnK = L{H) ® E 

as a locally convex space (see, e.g., [TH Theorem 3.4]). For each n G N, let 
Rn C L{Hn+i) and C En+i be vector subspaces such that 

L{Hn+l) = L{Hn)®Rn and En+l = En®Sn. 

We now pick a basis i3 of L{G) such that i3 fl L{Hn) is a basis of L{Hn), 
B r\ En is a basis of S fl i?^ is a basis of Rn and i3 fl S*™ is a basis of Sn, 
for each n G N. It can be used to introduce the supremum norm 

:= sup \tb\ for {h)beB e K^^^- 

beB 



L(G)^[0,oo[, 



6eB 
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Given t > and ri G N, abbreviate 

UJ" := {x e L{Hn): \\x\\ <t} , := {x G E„ : ||a;|| < t} , 

X" := G -R„: ||a;|| < t\ , and F" := {x G S^: ||a;|| < t} . 

Then W^^^ = U]} x and 1^"+^ = Vl" x F^". Let 2 = ti > > ■ ■ ■ > 1- 

Claim. There are C°°-maps rjn '■ ^ Gn for n G N and C°° -dijjeomorphisms 
7^: t/" ^ Hn onto open identity neighbourhoods in Hn, such that 7„(0) = 

r?n(0) = 1, 

: f/r„ X ^t" ^ Gn , gn{x, y) := ln{x)r]n{y) 

is a C°° -diffeomorphism onto an open identity neighbourhood in Gn, and 

Iklu'^ = 1e\u' ^^11 ?7fc|y« = 'yilyi for all 1 < £ < < n. (5) 

If this claim is true, then cr„ '■= "Jnlu" is a C°°-diffeomorphism onto the open 
identity neighbourhood Qn '■= 7n(f^") in Hn, the mapping hn := (^nli/^xV" 
is a C°°-diffeomorphism onto the open identity neighbourhood gn{Ui x V^) 
=: Pn in and r„ := rin\v{'- Vi —>■ Gn is a. smooth map (and in fact 
an immersion and topological embedding, since hn{x,y) = a{x)T{y) and hn 
is a diffeomorphism. ) . Then U := UneN open 0-neighbourhood in 

L{H) and Q := UneN^"^ ^ connected, open identity neighbourhood in H 
(see 12. 3p . Moreover, 

a := limcr„: L{H) DU CH 

is a C°°-diffeomorphism (cf. [3 Lemma 1.9 and Proposition 3.3]). Also, 
W := IJneN(^r X ^i") is an open 0-neighbourhood in L{G), P := UneN-^™ is 
an open identity neighbourhood in G, and 

h := lim /i„ : L{G) DW ^ PCG 

is a C°°-diffeomorphism. Finally, V := IJneN i^ open 0-neighbourhood 
in E and 

r := lim7:„: E D V G 

is a C°°-map (and actually an immersion and topological embedding, since 
h{x,y) = a{x)T{y) and h is a. diffeomorphism). There exists a connected 
open neighbourhood Z C X of p such that f{Z) C P. We now show that 

f{Z) C Q. (6) 
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To this end, let q (z Z. There exists a C^-map 9: [0,1] — > Z such that 
^(0) = P 9{1) = q. By [7| Lemma 1.7 (d)], there exists n G N such that 

/(^([0,1])) C G„. 

Then the left logarithmic derivative 6{f o 6) : [0, 1] — *• L{G) is a continuous 
map taking its values in L{Hn) (by ([2]) and [21 Chapter 3, §4.5, Lemma 4])|^ 
As a consequence of the standard Existence and Uniqueness Theorem for 
solutions to ordinary differential equations, there exists a unique C^-curve 
k: [0,1] {Hn)o such that 6{k) = 6{f o 9) and k.{0) = 1. Then k = 
f o9 hy uniqueness of product integrals (cf. [HI Lemma 7.4]), entailing that 
f{9{[0, 1])) = k([0, 1]) is a compact subset of (-ffn)o- Note that if y & V, then 
Qri^y) n i^o 7^ if and only if r(?/) G -ffo) in which case Qriy) is an open 
subset of Hq. Let 

D ■= {yeV:QT{y)f\H,^^. 

Then {Qo'{y))yGD is an open cover of /(6'([0, 1])) by disjoint open subsets 
of Hq. Since f{9{[0, 1])) is connected, it follows that f{9{[0, 1])) C Qa{0) = 
Q. Hence /(g) = f{9{l)) G Q in particular, estabhshing IQ. 

Because P = QriV) = Q x V and Q x {0} obviously is strongly C'^-initial 
in Q X V, it follows that Q is strongly C'^-initial in P. Since f{Z) C Q and 
/l^ is C'^ as a map to P, we infer that f\z'. Z —>■ Q is and hence also 
f\z-Z->H. 

It only remains to verify the claim. lfn = 1, there is one (and only one) choice 
of 7i,'?7i: {0} {1}. Now assume that n G N and assume that 71, . . . ,7„ 
and r/i, . . . , ?7„ have already been constructed with the desired properties. Let 
A <0 he an open 0-neighbourhood and fi: A Hn+i be a smooth map 
such that /i(0) = 1 and To(/i) = idij„, identifying Toi^Rn) with Consider 
the map 

a : A X t/j" X ^ , (a, x, y) n{a)gn{x, y) . 

Then 

im(T(o,:r,y)(tt)) = ln{x) ■ {Rn © L{Gn)) " ??„(?/) (7) 

^Recall that if 7: [0,1] ^ G is then 5{-i){t) := 7(t)-i • 7'(<) e L(G) defines 
(5(7): [0,1] ^ L(G) (cf. [ini p. 1043] and [21]). The dot denotes multiphcation in the 
tangent group TG. 
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for all X G f/" and y G V^" (where • denotes multiplication in the tangent 
group TGn+i)- In fact, abbreviating c := 7„(x) and e := rin{y), the image is 

Rn-ce + im {T(x,y)gn) = R„- ce + T^eGn = Rn - ce + c- L{Gn) ■ e 

= Rn ■ ce + c ■ L{Hn) ■ e + c ■ En ■ e 

= Rn - ce + L{Hn) ■ ce + c ■ En ■ e 

= {Rn + L{Hn))-ce + c-En-e 

= L{Hn+i) ■ ce + c- En- e 

= c - L{Hn+i) - e + c- En-e 

= c - {L{Hn+i) + En) - e , 

where L(/7„+i) + E„ = i?„ © L{Hn) © En = Rn® L{Gn). 

We now equip L{Gn+i) with an inner product, allowing us to consider 
orthogonal complements of vector subspaces of Setting 

Ky := My)-'-{Rn®HGn))-nn{y))^ 

for y G VJ", we obtain a vector subbundle K := [Jy^yniy} x Ky of the 

trivial bundle VJ" x L{Gn+i) — > VJ". Because VJ" is smoothly contractible, 
this vector bundle is trivial as a smooth vector bundle (by the C°°-version 
of fTEl Chapter 2, Theorem 2.4]), and hence there exists a fibre-preserving 
C°°-diffeomorphism 

(l):V,:xSn^K, 

where x Sn ^ V^^ is the trivial bundle. Let 112 : K^" x L{Gn+i) L{Gn+i) 
be the projection onto the second factor and ip - C ^ Gn+i be a C°°-map, 
defined on an open 0-neighbourhood G C L{Gn+i), such that ipi^O) = 1 and 
Tq^P = idL(G^^-^). Then B := (7r2 o 0)^^(C) is an open neighbourhood of 
X {0} in V^l X Sn, and 

u:B^Gn+i, u (z) := {tp 01T20 (f)){z) 

is a smooth map such that i/(?/, 0) = 1 for all ?/ G V^" and 

™(^(y,o)i^) = imToi^{y,.) = Ky. 

Then the smooth map 

C: UJ'^x Ax B ^ Gn+i , (x, a, y, h) ^ /i(a)7„(x)?7„(?/)z/(2/, 6) 
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(for X G f/j" , a E A, y & Vl^ and h E Sn such that (y, h) G 5) satisfies 

im (T(^,o,y,0)C) = ln{x) ■ {Rn © L{Gn)) ' Vniv) + 'Jnix)r]n{y) ■ Ky 

= 7n(a;)r?„(y) ■ ( riniv)'^ ■ (Rn © L{Gn)) ■ Vniv) 

+ {'nn{y)-'-{Rn®L{Gn))-Vn{y))^) 

using ([7]) for the first equahty. Hence T(^x,o,y,o)C is ^ hnear isomorphism (by 
reasons of dimension). The restriction of ( to Up^_^^ x {0} x VJ"^^ x {0} cor- 
responds to the restriction of gn to U^^^^ x VJ"^-^ and hence is injective. Thus 
Lemma [2741 provides an open neighbourhood Q of UJ^^^^ x {0} x Vf^_^^ x {0} in 
f/" X Ax B such that C(^) is open in G„+i and C|n is a C°°-diffeomorphism 
onto C(^). There exists r > such that f/," x X" x V;" x F" C Then 

7n+i : Ul+^l = Ul^^ X Xl^^ Hn+i , 7n+i(x, a) := /i(^a)7„(x) 

and 

^n+i : yZtl = yZ+1 X F,:^^ ^ , r/^+i^/, := Vn{y>{y. j^h) 

are smooth maps, and 

Qn+i ■■ Ull+^l X V;^+i Gn+i , gn+i{x, y) := 7n+i (a;)r?n+i (l/) 

is a C°°-diffeomorphism onto an open subset of Gn+i (because so is Cb)- 
Consequently, 7„+i is a C°°-diffeomorphism onto an open subset of H^+i. 
By construction, 7^+1 and rjn+i also have all other required properties. □ 

3 Direct limit groups are topological groups 
with Lie algebra 

Given a (Hausdorff) topological group G, let C(M, G) be the set of continuous 
G- valued functions on M, and Homc(M, G) be the subset of all continuous 
homomorphisms from (M, +) to G. We equip C(M, G) and Homc(M, G) with 
the compact-open topology. Given r G M and 7 G Homc(M, G), we define 
r7 G Homc(M, G) via (r7)(t) := 7(tr) for t G M. Then 

R X Homc(M, G) Home(M, G) , (r, 7) ^ r7 (8) 

is a continuous map [121 p. 111-112]. We recall from [16, Definition 2.11]: 
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Definition 3.1 G is called a topological group with Lie algebra if 

(a) (7 + rj)(t) := \\mn-*oo{,l{t/ri)rj{t/ri)Y exists for all 'y,ri E Homc(M, G), 
and maps 7 + r/ : M ^ G so obtained are continuous homomorphisms; 

(b) Homc(M, G) is a topological vector space with the addition defined 
in (a) and the scalar multiplication ([8]); and 

(c) There exists a continuous bilinear map 

[.,.]: Homc(M, G) x Homc(M, G) Homc(M, G) 
making it a Lie algebra, and such that 

[j,v]{t^) = lim {^{t/n)7]{t/n)-f{-t/n)r]{-t/n)f , 

n— »oo 

for all 7, r/ e Homc(M, G) and t G M. 

It is known that a Lie group G modelled on a locally convex space is a 
topological group with Lie algebra provided that G is locally exponential in 
the sense that G has a smooth exponential map exp^j: L{G) —* G which is 
a local diffeomorphism at (see [2T1 Remark IV. 1.22]). In particular, every 
Banach-Lie group and every finite-dimensional Lie group is a topological 
group with Lie algebra. Direct limits of finite-dimensional Lie groups always 
have a smooth exponential map, but they need not be locally exponential 
(see [5l Example 5.5]). Nonetheless, direct limit groups are topological groups 
with Lie algebra, as we verify now. 

3.2 Recall that a Lie group G is said to have an exponential map if, for 
each X G L{G), there exists a (necessarily unique) smooth homomorphism 
7a;: M ^ G with derivative 7^(0) = x. In this case, define exp^: L{G) G, 
expQ^x) := 7x(l)- Then ■jxit) = expQ{tx). As a first step towards our goal, 
consider a Lie group G with the following properties: 

(a) G has an exponential map; 

(b) Every continuous homomorphism M — > G is smooth; 

(c) {'^x{t/n)'^y{t/n)Y lx+y{t) as n ^ 00 and 

{lx{t/n)^y{t/n)^x{-t/n)^y{-t/n)y' ^ 7[x,y](i') , 
for all x,y e L{G) and t G M. 
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Then the map 

Tg: ^Home(R,G), x ^ 7, 

is a bijection. Furthermore, if we give Homc(M, G) the unique Lie algebra 
structure which makes To an isomorphism of Lie algebras, then conditions (a) 
and (c) from Definition 13.11 are satisfied, and the scalar multiplication of the 
Lie algebra Homc(M, G) is given by ([H])- Consequently, G will be a topological 
group with Lie algebra ifVc is a homeomorphism. 

3.3 Now let Gi C (^2 ^ ■ ■ ■ be finite-dimensional Lie groups, such that 
the inclusion maps Gn —* Gn+i are smooth homomorphisms for all n G M. 
Let G = lim Gn be the direct limit Lie group. Then (a) and (c) hold (see 
[H Proposition 4.6 (a) and (b)]), and also (b) (cf. [TJ Proposition 4.6(c)]). 
Moreover, the map Fg^ : L{Gn) — >■ Homc(M, Gn) is a homeomorphism (cf. 
[2n Remark IV.1.22]). Since the inclusion map Homc(M, Gn) Homc(M, G) 
is continuous and L{G) = lim L(G'„) as a topological space, F^ is continuous. 

Theorem 3.4 For each direct limit Lie group G = limG„ as in 13.31 the 
mapping Tg- L{G) Homc(M, G) is a homeomorphism and thus G is a 
topological group with Lie algebra. 

In view of the reduction steps performed in 13.21 and 13. 3[ it only remains to 
show that Tg is an open map. This will follow from the next lemma. 

3.5 It is useful to recall some standard facts first. Let G be a topological 
group. By definition, the sets 

[K,U\g ■■= {jeC{R,G):^{K)CU} 

form a subbasis of the compact-open topology on C (M, G) , for K ranging 
through the compact subsets of M and U through the open subsets of G. It 
is known that G(R, G) is a topological group under pointwise multiplication: 
(7 ■ ri)(t) := 'y(t)r]{t). As a consequence, 

1-[K,U\g 

is an open neighbourhood of 7 for each 7 G G (M, G) , compact set K ^ M., 
and identity neighbourhood f/ C G. In fact, a basis of neighbourhoods of 7 
is obtained in this way. Consequently, if 7 G Homc(M, G), then 

{^■[K,U\G)nRom,(R,G) 

is an open neighbourhood of 7 in Homc(M, G), and the latter form a basis of 
neighbourhoods of 7. 
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In the next lemma, Gi and G2 are finite-dimensional Lie groups such that 
Gi C G2 and the inclusion map Gi — > G2 is a smooth homomorphism. We 
identify Qi := L{Gi) with a Lie subalgebra of 02 := L{G2) and assume that 

{xG02: expG,(Mx) C Gi} = fli . (9) 



Lemma 3.6 Letx G 0i andUj C g^- 6e a relatively compact, open neighbour- 
hood of X for j E {1,2}, such that Ui C U2. Let e > and J := [—€,e] C R. 
Let V\ (1 Gi be a closed identity neighbourhood such that 

(7x- UV^ijGjnHom,(M,Gi) C TgAUi) (10) 

and Ri := {y G 0i : expQ^{Jy) C \4} zs compact. Then there exists a closed 
identity neighbourhood V2 C G2 such that 

(7x- L^,V^2jGjnHom,(M,G'2) C Tc^m , (11) 

and Vi is contained in the interior V2 of V2 relative G2. Furthermore, one 
can achieve that 

R2 ■■= {2/ e 02: expa^iJy) ^ ^2} 
is compact. If Vi is compact, then also V2 can be chosen compact. 

Proof. Let Qi 1^ Q2 ^ ■ ■ ■ be a basis of compact identity neighbourhoods 
in G2, and 

Wm ■= ViQm for m G N. 

Then f llip holds with V2 := Wm for all sufficiently large m G N. In fact, 
otherwise we could find positive integers mi < m2 < ■ ■ ■ and elements rjn G 
[J, Wm„\ for n G N such that 

Cn := Ix-Vn e Homc(M, ^2) 

and Cn ^ Tg2{U2). Then Cn = ^G^i^n) with := T^HCn) e 02 \ U2. 

Case 1: If {zn)nm has a convergent subsequence, then we may assume (after 
passage to the latter) that 2;„ — 2; as n — 00 for some ^ G 02- Define 
r/:=7-i-7, gC(M,G2). Then 

V{J) ^ V,. (12) 
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In fact, for each t G J and n G N, we have 

= lx(t)~^ expfjjtz) = Urn -f^(t)~^ expf^jtzk) 

k—*oo 

= hm -fx{t)'\k{t) = hm r]k{t) G Wm„ , 

fc— >oo fc— ♦oo 

because rjkit) G Wm^. ^ Wm„ and VFm„ is closed. Hence 

Vit) G fl 1^„„ = K , 

nGN 

as asserted (where the last equahty holds by [211 Lemma 3.17]). 

As a consequence of (fT2|) . we have 72 (t) = 'yx(t)ri(t) G Gi for each t E J 
and hence expQ2(R^) = 72(1^) ^ Gi, whence z G 0i, by ([9]). Hence 72 G 
Hom,(M, Gi) and thus r] G C(R, Gi). By ([12]), we have r/ G [J, ViJgi- Hence 

7. = 7xV e (7xL</, ^iJgJ n Hom,(M, d) , 

whence 72 G rGj(f/i) (by flTU]) ) and thus z G f/i. But z G 92 \ f/2 and hence 
z ^ Ui, contradiction. 

Case 2: // (2;n)neN ^fl* no convergent subsequence, after passing to a subse- 
quence we may assume that \\zn\\ —>■ 00 as n — > cxd, where {|.{| is a given 
norm on 02- Since Ri is compact, there exists r > such that 

Ri C {yGSi: Ibll <r} =: fii . (13) 

We let B2 := G g2 : ||y|| < 2r}. As 2rz„/||2;„|| is contained in the compact 
set ^-82 5 after passage to a subsequence we may assume that 2rz„/||2;„|| — > b 
as n — * 00 for some b G 9i?2- Abbreviate r„ := 2r/||2;„||. Then r„ —>■ 0, and 
we may assume that < 1 for each n. For each t G J, we then have 

??n(t'^n) = expG;^(-tr„x)exp(;.2(tr„z„) ^ expQ^{tb) as n 00. 

Since 77„(tr„) G W^m^, it follows that expQ^{tb) G flnGN = Vi. Hence 
expg2(K6) C Gi and thus 6 G gi. By the preceding, we have b E Ri and 
therefore 6 G -Bi, by f[T5]) . But 6 G (9-B2) whence b ^ B2 and thus b ^ Bi, 
contradiction. 

The final assertion is clear, since compactness of Vi entails that also each 
is compact. It only remains to show that R2 can be chosen compact. 
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However, applying the results already shown with 1, Bi and B2 instead of x, 
Ui and U2, respectively, we see that 

{ye £2: exp(j^{Jy) C W^} C B2 

for all sufficiently large m. For such m, the set on the left is compact. □ 

Proof of Theorem [331 Since Go = hm (G„)o (seeE^D, L{G) = L{Go), 
Homc(M, G) = Homc(M, Go) and Tq = Fcq, after replacing G with Gq and 
each G„ with G„_o we may assume that G and each G„ is connected. The 
discussion leading to ([1]) now shows that 

L(G„) = {xe L{Gn+i): expG„^^(Mx) C GJ 

(as needed in Lemma [3T6|l . 

It remains to show that TdU) is open in Homc(M, G) for each open subset 
U C L(G) = UneN L{Gn)- We verify that TciU) is a neighbourhood of Tg{x) 
for each x eU . After passage to a cofinal subsequence, we may assume that 
X G L{Gi). Then Un '■= L{Gn) fl f/ is an open neighbourhood of x in L(G„) 
for each n G N, and f/i C f/2 C ■ ■ ■ . Since Vg^{Ui) is an open neighbourhood 
of 73; in Homc(M, Gi), there exists e > and an open identity neighbourhood 
P C Gi such that 

(7.U^jGjnHome(M,Gi) C VgAUi), 

where J := [— (cf. 13. 5p . There exists a compact identity neighbourhood 
Vi C P such that 

Pi := {2/GL(Gi): expc^(Jy) C l^i} 

is compact. Using now Lemma [3.61 and induction, we find compact identity 
neighbourhoods Vn C G^ for all integers n > 2 such that 

(i) Vn-i C (the interior relative G„); 

(ii) (7. ■ L^, KJgJ n Hom,(R, G„) C TgAUu), and 

(iii) P„ := {y G L(G„): expc.,JJi/) C Vn} is compact. 
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Since Q„ := is open in G„ and Qi C Q2 C ■ ■ ■ , the set Q := IJ^gj^ Qn is 
open in G (see 12. 3p . Then 

(7x- L'^,QjG)nHom,(M,G) 

is an open neighbourhood of 'jx in Homc(]R, G). The proof will be complete 
if we can show that 

(7x- L^,gjG)nHom,(M,G) C TciU) . (14) 

To verify let r] e [J,Q\g such that ( ■= ■ r] e Homc(M,G'). Then 
C = 7^ with z := r^"'^(^). There is n G N such that z G L{G„) and thus 
( G Homc(M, Gn)- Then r] = ■( G C(M., Gn)- Since rj{J) C is compact 
and {Qm H Gn)m>n is an open cover of r]{J), there exists m > n such that 
il{J) ^ Qm- Thus ?7 G [J,Qm\Gm ^ L^^' ^mJ G„ ^ud heuce 

C = 7x-^ e (7.- L^,K»jG„)nHom,(R,G'„) c rG„(f/^), 
using (ii). Then C G TG^{Um) C rG(f/) and thus ([HD is estabhshed. □ 

If a Lie group is a topological group with Lie algebra, then this has useful 
consequences. We recall that it is an unsolved open problem (first formulated 
by John Milnor) whether every continuous homomorphism between infinite- 
dimensional Lie groups is smooth (as in the finite-dimensional case). The 
following result provides some positive information. 

Proposition 3.7 Let H he a locally exponential Lie group and G be a Lie 
group such that (a)-(c) from [3T^ are satisfied, Tq'- L{G) Homc(M, G) is 
a homeomorphism, and exp^.: L{G) ^ G is smooth. Then every continuous 
homomorphism a: H ^ G is smooth. 

Proof. The map (3 := Homc(M, a) : Homc(M, H) Homc(M, G), 7 ^ a o 7 
is continuous. Since 

/3(7 + r/)(t) = a(lim(7(t/n)r/(t/n))") 

= lim((ao7)(t/n)(aor^)(t/n))" = (/5(7) + /5(r/))(t) 

n— >oo 

for all 7,?7 G Homc(M, -ff), we see that /3 is a homomorphism of groups and 
hence a continuous linear map. Then 6 := V~q^ o (3 o Th'- L(H) L{G) is 
a continuous linear (and hence smooth) map such that expg oQ = ao expj^. 
Since exp^ o ^ is smooth and expj^^ is a local diffeomorphism, it follows that a 
is smooth on some open identity neighbourhood and hence smooth. □ 
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4 Borel-type theorem for difFeomorphisms 



This section is devoted to the proof of Borel's Theorem for Diffeomorphisms, 
as stated in the introduction. 

As usual, GL„(R) denotes the group of all invertible n x n-matrices and 
GL(M") the group of all automorphisms of the real vector space R". The 
algebra of all linear endomorphism of M" will be denoted by £(M"). If M 
is a finite-dimensional smooth manifold and K C M, we let Diffii-(M) be 
the Lie group of all C°°-diffeomorphisms 7: M — ^ M such that 7(2;) = x 
for sl\x e M\K (see, e.g., [9j; cf. pj). We write C^(M) for the space of 
smooth maps 7 : M M such that 7|m\x = 0. Finally, we let C°°(]R", R") be 
the space of R"-valued smooth maps on R*^, equipped with the usual locally 
convex topology (the smooth compact-open topology). 

Lemma 4.1 Let n G N, A G GL(R'^) such that det(A) > 0, and K CIW he 
a compact Q -neighbourhood. Then there exists a smooth map 

C: Diffi^(R") 

with C(0) = idign, such that 

satisfies 9\u = A\u for some Q -neighbourhood U ^ K. 

Proof. Let i? be a compact 0-neighbourhood contained in the interior K'^ 
of K. Then there is x G C^(R"') such that x\r = 1- It is well known that 

{B G GL(R"): det(5) > 0} 

is the connected component of GL(R"). We therefore find a smooth map 
/: R ^ GL(R") with /(O) = idiRn and /(I) = A. Let f'{t) G £(R") be the 
derivative of / at t G R. We consider the time-dependent smooth vector field 

t; : R X R" R" , v{t, x) := (/'(t) o f{t)-^) (x) 

on R". For each x G R", 

7,:R^R", 7,(t) :=/(t)(a;) 

is a smooth curve such that "jxi^) = x and 

m = f\t){x) = (fit) o f{t)-'){f{t){x)) = t;(t,7.(t)) . 
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Thus solves the initial value problem 

y'{t)=v{t,y{t)), yiO) = x. 

Hence M x ^ M", := 7a:(t) is the flow of v (for fixed initial 

time to = 0). Now consider 

u;:RxM"^M", w{t,x) := x{x)v{t,x) . 

Then w admits a smooth flow M x M" R"-, and ({t) := $^,,4 G 
Diffi^(]R") for each t G R. Since 0^,t(O) = for each t e R and the flow 
is continuous, we find a 0-neighbourhood U ^ K such that 

^wA^) e for aWxeU and t G [0, 1]. 

Since v and w coincide on R x it follows that ^w,t{^) = ^v,t{^) for all 
X E U and t G [0, 1], entailing that 

^w,iix) = ^v,iix) = 7a,.(l) = A{x) for all x eU. 

By construction of the Lie group structure on Diffj^ (R"), the map 

K : Diff A'(R") ^ C^(R", R") , 7 7 - idM" 

is a diffeomorphism onto an open subset of C^(R",R'^) (cf. [6]). Because 

R X R" ^ R" , {t,x) ^ (C(t) - idKn)(a;) = <l>nj,t{^) - ^ 

is a smooth mapping, the exponential law for smooth mappings (see, e.g., 
[TUl Lemma 12.1 (a)]) entails that k o ( (and hence also () is smooth. Since 
C(0) = id]Rn and C(l) = ^w,i, we see that ( has all required properties. □ 

Given n G N and j G {1, . . . , n}, let Cj := (0, . . . , 0, 1, 0, . . . , 0)^ G R" with 1 
in the j-th slot. 

Lemma 4.2 Let n G N and G R" /or multi-indices a G Nq &e g'wen 
SMc/i t/iat A := (oei, . . . ,ae„) £ GL„(R) anc? det(A) > 0. Then there exists 
(f) G Diffc(R") such that i^^M = for each a EN'S- 
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Proof. After a translation, we may assume that = 0. Then the vectors 
Oq, determine a formal diffeomorphism / = J2a (^ax"" of M". Considering A as 
a formal diffeomorphism, the formal composition g := o / is of the form 
g = bax" with vectors 6q, G M" such that (6ei, • • • , &e„) = 1 is the identity 
matrix. Let 6 be as in the previous lemma. If we can prove the lemma with 
the ba in place of the Oq,, leading to (p, then k := 6' o is a diffeomorphism 
such that n\w = ^ o 0|vk for some 0- neighbourhood W C R", and hence 
^i^'-"'* = Oq, for each a G Ng. We may therefore assume now that A = 1. 

Let {|.|| be the maximum norm on M". Then {x G M": ||a;|| < e} K for 
some e > 0. Let M — M be a compactly supported smooth function such 
that h{x) = X for x in some 0-neighbourhood, and h{x) = if |a;| > e. Define 
ha{xi, . . .,Xn) := ■ ■ ■ h{xn)°'" and 

Mk,m ■= max ||aa|| ■ IIS'^/iqIIoo , 

\f3\=m f—^ 

\OL\=k 

where ||.||oo is the supremum norm on the space Co(IR) real-valued functions 
that vanish at infinity, and |a| = ai + ■ ■ ■ + a„ the order of the multi-index 
a G Ng. For each /c G N with /c > 2, pick Cfc > 1 such that 

o— fc 

n 

for all m G No such that m < k. Define (pk'- IR" via (j)k{x) '■ = 

J2\a\=k'^aC^^haickx). Then 0fe is smooth and 

d'^(f)k{x) = cf ^ a„((9^/i„)(cfcx) , 

|a|=fc 

whence 

which is < - — for all A; G N such that k > Hence the limit ip : = 

Sfcl2 exists in C°°(M",R"), and clearly ip has compact support. By the 
preceding, for |/?| = 1 we have HS'^^fcHoo ^ for each k > 2 and thus 
ll^'^V'lloo < E^2 = whence ||^'(a:)i|op < 1/2 for each x eW and thus 
sup{||?/^'(x)||op: X G R"} < 1/2 < L Therefore := idMn +^ g Difr,(M") (see 
[6[ Lemma 5.1]). By construction, ^-^f^ = eta for each a. □ 

Proof of Borel's Theorem for Diffeomorphisms. Let p and a chart 
(p: M ^ U ^ V C R" be as described in the theorem. After shrinking U, we 
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may assume that is a euclidean ball with center 0. Composing now with 
a diffeomorphism — which is the identity on some 0-neighbourhood 
and fixes 0, we can (and shall) assume instead that V = M". Let C ^ U he 
a compact neighbourhood of p and K := (f){C). Then the restriction map 

Diffc(M) ^ Diffc(f/) 

is an isomorphism of Lie groups and so is the map 

Diffc7(M) Diff;f(M") , 7 f-^ o 7 o 

(this is clear from the construction of the Lie group structure in [9j). It 
therefore suffices to consider the case where M = M", = id]Rn and p = 0. 
In this case, the surjectivity of 

T;°: Diff,(M")p,o Gf„(M)o 

has been established in Lemma 14.21 The Chain Rule for Taylor Polynomials 
entails that is a homomorphism of groups. Since Gf„(R)o is an open 
subset of ^ M|a;i,...,xJ: ao = 0} ^ R^^W ^jth the product 

topology, and each component 

(T-)„ : Diff,(M'^)p,o - M , 7 ^ (^!2M 

is smooth, we deduce that is smooth. This completes the proof. □ 
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